Abstract Let F, G be bicomonads on a monoidal category C. The aim of this paper is to discuss the smash coproducts of F and G. As an application, the smash coproduct of Hom-bialgebras is discussed. Further, the Hom-entwining structure and Hom-entwined modules are investigated.
Introduction
The study of Hom-type algebras arises from the research on Witt and Virasoro type algebras. In 2006, Hartwig, Larsson and Silvestrov introduced the Hom-Lie algebras which are related to q-deformations of Witt and Virasoro algebras (see [16] ). In a Hom-Lie algebra, the Jacobi identity is replaced by the so called Hom-Jacobi identity via a homomorphism. In 2008, Makhlouf and Silvestrov (see [24] ) introduced the definition of Hom-associative algebras, where the associativity of a Hom-algebra is twisted by an endomorphism (here we call it the Hom-structure map). The generalized notions, including Hombialgebras, Hom-Hopf algebras were developed in [21] , [23] , [25] . Further research on various Hom-Lie structures and Hom-type algebras can be found in [13] , [14] , [35] , and so on. Quasitriangular Hombialgebras were introduced by D. Yau ([33] , [34] ), to provided a solution of the quantum Hom-Yang-Baxter equation, a twisted version of the quantum Yang-Baxter equation ([36] , [37] ). The Hom-Yetter-Drinfeld modules were investigated by Makhlouf and Panaite in [21] , [22] and [38] .
An interesting question is to explain Hom-type algebras use the theory of monoidal categories. In 2011, in order to provide a categorical approach to Hom-type algebras, Caenepeel and Goyvaerts ( [9] ) introduced the notions of Hom-categories and monoidal Hom-Hopf algebras. In a Hom-category, the associativity and unit constraints are twisted by the Hom-structure maps. A (co)monoid in a Homcategory is a Hom-(co)algebra, and a bimonoid in a Hom-category is a monoidal Hom-bialgebra. Note that the main feature of a monoidal Hom-bialgebra is that the Hom-structure maps over the algebra structure and the coalgebra structure are invertible with each other, hence a monoidal Hom-bialgebra is a Hom-bialgebra if and only if the Hom-structure map α satisfies α 2 = id. The motivation of this paper is to define and study the Hom-type entwining structures of a Homalgebra and a Hom-coalgebra. Entwining structure is proposed by T.Brzezinski and S.Majid in [6] in defining coalgebra principal bundles. The relevance of entwining structures is raised by the observation of M. Takeuchi that they provide examples of corings. An entwining structure over a monoidal category C consists of an algebra A, a coalgebra C and a morphism ϕ : C ⊗ A → A ⊗ C satisfying some axioms ( [26] ). The entwining modules are both A-modules and C-comodules, with compatibility relation given by ϕ. Note that the definition of entwined modules generalizes lots of important modules such as Hopf modules, Doi-Hopf modules, Long-dimodules and Yetter-Drinfeld modules.
Since a monoidal Hom-(co)algebra is a (co)monoid in the so-called Hom category (in [9] ), it is not hard to realize that the entwining structure of a monoidal Hom-algebra and a monoidal Hom-coalgebra
Preliminaries
Throughout the paper, we let Z be the set of all integers, let k be a fixed field and char(k) = 0 and V ec k be the category of finite dimensional k-spaces. All the (Hom-type) algebras and coalgebras, (Homtype) modules and comodules are supposed to be in V ec k . For the comultiplication ∆ of a k-module C, we use the Sweedler-Heyneman's notation: ∆(c) = c 1 ⊗ c 2 for any c ∈ C.
Comonads and bicomonads.
Let C be a category, F : C→C be a functor. Recall from [2] or [31] that if there exist natural transformations ∆: F → F F and ε: F → id C , such that the following identities hold F δ • ∆ = δF • ∆, and id F = F ε • ∆ = εF • ∆, then we call the triple (F, ∆, ε) a comonad on C.
Let X ∈ C, and (F, ∆, ε) a comonad on C. If there exists a morphism ρ X : X→F X, satisfying
then we call the couple (X, ρ X ) an F-comodule. A morphism between F -comodules g: X → X ′ is called F -colinear in C, if g satisfies:
The category of F -comodules is denoted by C F . Let C be a category on which (F, ∆, ε) and (G, δ, ǫ) are two comonads. A natural transformation ϕ: F G→GF is called a comonad distributive law, if ϕ induces the following commutative diagrams:
Recall from [7] , we know that ϕ is a comonad distributive law if and only if one of the following statements hold:
(1). there is a liftingF :
Remark 2.3. Recall from [7] , we know that the (F, G)-bicomodule is equivalent to F G-comodule.
Let (C, ⊗, I, a, l, r) be a monoidal category, (G, δ, ǫ) a comonad on C, and G also a monoidal functor, i.e., there exists a natural transformation G 2 : G ⊗ G → G⊗ and a morphism G 0 : I → G(I) in C, such that for any X, Y, Z ∈ C, the following equations hold:
From the above definition one can see that
Remark 2.4. Suppose that (G, δ, ǫ) is a comonad, and (G, G 2 , G 0 ) is a monoidal functor on a monoidal category (C, ⊗, I, a, l, r). If we define the G-coaction on I by G 0 , and define the following monoidal structure
Hom-bialgebras and Hom-Hopf algebras
In this section, we will review several definitions and notations related to (finite dimensional) Hombialgebras.
Recall from [1] that a Hom-algebra over k is a quadruple (A, µ, 1 A , α), in which A is a k-module, α : A → A, µ : A ⊗ A → A are linear maps, and 1 A ∈ A, satisfying the following conditions, for all a, b, c ∈ A:
Recall from [1] that a Hom-coalgebra over k is a quadruple (C, α, ∆, ǫ), in which C is a k-module, α : C → C, ∆ : C → C ⊗ C and ǫ : C → k are linear maps, with notation ∆(c) = c 1 ⊗ c 2 , satisfying the following conditions for all c ∈ C:
Note that in the earlier definition of Hom-(co)algebras by Makhlouf and Silvestrov (see [23] or [24] ), an axiom was redundant as shown in [1] . The reader will easily check that the definition above is equivalent to the one in those papers.
Let (H, α) be a Hom-algebra. A left (H, α)-Hom-module is a triple (M, α M , θ M ), where M is a k-space,
satisfying the following conditions for all m ∈ M :
Recall that in the earlier definition of Hom-(co)modules by Makhlouf and Silvestrov, there is also a redundant axiom (see [1] for details).
Recall from [25] that a Hom-bialgebra over k is a sextuple H = (H, µ, η, ∆, ε, α), in which (H, α, µ, η) is a Hom-algebra, (H, α, ∆, ε) is a Hom-coalgebra, and ∆, ε are morphisms of Hom-algebras preserving unit.
Recall from [25] that a Hom-Hopf algebra over k is a Hom-bialgebra (H, α) together with a k-linear map S : H → H (called the antipode) such that
Let (H, α) be a Hom-Hopf algebra. Note that if α is invertible, then for all a, b ∈ H, S satisfies
Throughout this section, assume that (C, ⊗, I, a, l, r) is a monoidal category on which (F, ∆, ε) and (G, δ, ǫ) are bicomonads, and ϕ : F G → GF is a comonad distributive law.
Notice that for any X ∈ C, if we define 
Proof. ⇒): By the assumption, we have (
right on both sides of the above identity, we immediately get the conclusion a). Since (I, F 0 , G 0 ) ∈ C (F,G) (ϕ), one can see that b) holds.
Definition 3.2. We call ϕ is a monoidal comonad distributive law if the comonad distributive law ϕ : F G → GF satisfies condition a) and b) in Lemma 3.1.
Recall from [30] and [31] , if C denotes any 2-category, then the following data forms the 2-category of comonads, which is denoted by Cmd(C) :
• the 0-cell contains an object Y , a 1-cell T : Y → Y in C, together with the comultiplication δ : T → T T , and the counit ǫ : T → 1 Y , which satisfies the coassociative law and the counit law, respectively;
•
Similarly, the following data forms a 2-category CC(C) of the distributive laws: (
Proof. Straightforward.
Lemma 3.4. ϕ is a monoidal comonad distributive law if and only if the smash coproduct F G is a bicomonad on C.
Proof. Recall from Remark 2.1 that F G is a comonad on C. Since F and G are both monoidal functors, F G is also a monoidal functor: for any M, N ∈ C,
Multiplied by εGF ǫ (M⊗N ) right on both sides of the above identity, we immediately get the conclusion a). Similarly, one can see that b) holds. ⇐: We only check Equations (C1) and (C3). Firstly, for any M, N ∈ C, we have
thus (C1) holds. Secondly, consider the following commutative diagram
holds. (C2) and (C4) can be proved similarly.
Combining Lemma 3.1, Proposition 3.2 and Lemma 3.3, we immediately get the following theorem.
Theorem 3.5. Assume that (C, ⊗, I, a, l, r) is a monoidal category, (F, ∆, ε) and (G, δ, ǫ) are bicomonads, and ϕ : F G → GF is a comonad distributive law on C. Then the following statements are equivalent:
is a monoidal category, where the monoidal structure is given in Lemma 3.1;
The smash coproduct of Hom-bialgebras
At the beginning of this section, we introduce the following monoidal category
, where X ∈ V ec k and α X ∈ Aut k (X);
• the monoidal structure is given by
and the unit is (k, id k );
• the associativity constraint a is given by
• for any x ∈ X ∈ V ec k and λ ∈ k, the unit constraints l and r are given by
for the right tensor functor of H.
Lemma 4.1. If we define the following structures onḦ:
is given by
Proof. ⇒: For any h ∈ H, since the following diagram is commutative:
to action at the both side of the identity, then we immediately get that 
Proof. ⇒: For any a, b, c ∈ H, sinceḦ is a monoidal functor, consider the following identity
We can get a1 
Similarly, (C2) implies ε H preserve the multiplication, (C3) and (C4) mean ∆ H and ε H preserve the unit, respectively. Thus H is a Hom-bialgebra. 
where n is an integer, then we have the following property.
Proposition 4.4.φ(n) :ḦB →BḦ is a comonad distributive law for any n ∈ Z if and only if the following equalities hold:
Proof. ⇒: Assume thatφ(n) :ḦB →BḦ is a comonad distributive law. Then from Diagram (L1), we get the following identity
The other equations can be deduced through a similar way.
for any x ∈ X, b ∈ B, h ∈ H, we consider
thus the Diagram (L1) is commute. Similarly to Diagram (L2) -(L4).
Definition 4.5. Suppose that (B, α B ) and (H, α H ) are two Hom-coalgebras over k, ϕ : 
where b ∈ B, h ∈ H, then the following statements are equivalent:
(1) ϕ is a Hom-cotwistor; (2)φ(n) :ḦB →BḦ is a comonad distributive law;
Proof. (1)⇒(4): For any b ∈ B, h ∈ H, it is a direct computation to check that
and
Secondly, we have
which implies the Hom-coassociative law. Similarly one can get the Hom-counit law. Thus B ⊗ H is a Hom-coalgebra. (4)⇒(1): If B ⊗ H is a Hom-coalgebra, then for any b ∈ B, h ∈ H, we have
Use ε B ⊗ id H ⊗ id B ⊗ ε H ⊗ id B ⊗ ε H to action at the above identity, then we get (M1). Use ε B ⊗ id H ⊗ ε B ⊗ id H ⊗ id B ⊗ ε H to action at the above identity, then we get (M2). Similarly, one can get (M3) and (M4) through the Hom-counit law of B ⊗ H. Note that ifφ(n) :ḦB →BḦ is a comonad distributive law, (U, α U ) is an object in the category of ϕ(n)-bicomodules, then it means that (U, α U ) is both B-Hom-comodule (with notation u → u [0] ⊗ u [1] ) and H-Hom-comodule(with notation u → u (0) ⊗ u (1) ), and satisfies the following identity
We write the category ofφ(n)-bicomodules by H i,j (V ec k ) (Ḧ,B) (φ(n)), and write the category of B ⊗ HHom-comodules by Corep(B ⊗ H), then we have the following property.
Proof. We define a functor P n : Corep(B ⊗ H) → H i,j (V ec k ) (Ḧ,B) (φ(n)) as follows:
, the coaction θ U : U → U ⊗ H and ρ U : U → U ⊗ B are given by:
). Further, for any u ∈ U , we compute
Thus (U, α U , θ U ) is a right H-Hom-comodule. Secondly, we can show that (U, α U , ρ U ) is a right B-Hom-comodule similarly. Thirdly, we have
At last, it is easily to show that P (̟) is both B-colinear and H-colinear for any morphism ̟ :
Conversely, Define a functor Q n :
as follows:
It is straightforward to check that Q n is well defined, and P n is the inverse of Q n . Now assume that (B, α B ) and (H, α H ) are all Hom-bialgebras over k, ϕ : B ⊗ H → H ⊗ B a k-linear map,φ(n) :ḦB →BḦ is defined as above. If we defineB 2 ,B 0 andḦ 2 ,Ḧ 0 as in Lemma 4.2, then we have the following conclusion. 
Proof. ⇒: We only need to check (M5) and (M6). For any a, b ∈ B, h, g ∈ H, note that
Take the above identity to action at ((1 k ⊗ α
which implies (M5). Similarly, the equation b) in Lemma 3.1 implies (M6). ⇐: Since Proposition 4.4,φ(n) is a comonad distributive law on H i,j (V ec k ).
thus condition a) in Lemma 3.1 holds. Samely, we have condition b). Thusφ(n) is a monoidal comonad distributive law. 
and define
then the following statements are equivalent: (1) Define the following monoidal structure in
where U, V are all objects in
The associativity constraint and the unit constraint are same as
Deine the monoidal structure in Corep i,j (B ⊗ H):
where U, V are all B ⊗ H-Hom-comodules, u ∈ U , v ∈ V , and define the associativity constraint and the unit constraint in
Moreover, for any integer n,
Proof. (5): Since Theorem 4.6, B ⊗H is a Hom-coalgebra over k. Obviously B ⊗H is also a Hom-algebra. We only need to check that ∆ B⊗H and ε B⊗H are Hom-algebra morphisms.
For any a, b ∈ B, g, h ∈ H, it is a direct computation to check that
thus ∆ B⊗H is a Hom-algebra morphism. Similarly, ε B⊗H is also a Hom-algebra morphism.
(5)⇒(2): We only need to prove (M5) and (M6). For any a, b ∈ B, h, g ∈ H, since B ⊗ H is a Hom-bialgebra, we immediately get that
). Use ε B ⊗ id H ⊗ id B ⊗ ε H to act at the both side of the above identity, we obtain (M5). Similarly one can get (M6). 
Hom-entwining structures
Suppose that (A, α A ) is a Hom-algebra over k. Then (A * cop , α A * cop ) is a Hom-coalgebra with the following structures:
A , where x, y ∈ A, f ∈ A * cop . Assume that (H, α H ) is also a Hom-coalgebra over k. Then we have the following property.
then ϕ is a Hom-cotwistor if and only if there is a k-linear map
and Ξ denote the collection of the Hom-cotwistors ϕ : A * cop ⊗ H → H ⊗ A * cop . For any ϕ ∈ Ξ, define a map ̺ : Ξ → Π by ̺(ϕ) = Φ, where Φ is defined as follows
where a ∈ A, h ∈ H, e i and e i are dual bases of A and A * respectively. For any Φ ∈ Π, define a map σ : Π → Ξ by σ(Φ) = ϕ, where ϕ is defined as follows
where f ∈ A * , h ∈ H, e i and e i are dual bases of A and A * respectively. Obviously ̺ is the inverse of σ. From now on, assume that ϕ ∈ Ξ and Φ ∈ Π are in correspondence with each other.
(
, then for any a ∈ A, we compute
(2) Moreover, if (M1) holds, then for any f ∈ A * , a, b ∈ A, h ∈ H, we immediately get
. For one thing, we have
For another, we have 
which implies
thus (E3) holds. Conversely, (E3) also implies (M3). (5) Be similar with (4), Eq.(E4) and (M4) can be deduced from each other. 
holds for all a ∈ A, h ∈ H, u ∈ U , then we call (U, α U ) an n-th Hom-entwined module or an n-th Φ-module. The category of n-th Hom-entwined modules and A-linear H-colinear maps is denoted by
is a Hom-entwining structure over k, then H ⊗ A is an n-th Hom-entwined module under the following structures
Proof. It is easy to get that H ⊗ A is both an A-Hom-module and an H-Hom-comodule. We only check Eq. (5.1). For any a, x ∈ A, h ∈ H, we compute as follows:
is a Hom-entwining structure over k, then A ⊗ H is an n-th Hom-entwined module under the following structures
where a, x ∈ A, h ∈ H.
If all the Hom-structure map α = id, then the Hom-entwining structure is the usual entwining structure, and the n-th Hom-entwined modules are usual entwined modules.
(4) Assume that (H, α H ) is a Hom-bialgebra over k, n is an integer. If we define Φ by
hence R n is well defined. Conversely, define a functor T n :
H A (n) as follows:
(Ḧ,Ä * cop ) (φ(n)) (suppose that theḦ-coaction is given by u → u (0) ⊗ u (1) , and theÄ * cop -coaction is given by u → u [0] ⊗ u [1] ), T n (U ) := U as a k-module, and the H-Hom-comodule structure is also defined by u → u (0) ⊗ u (1) , the A-Hom-module structure is defined by
where u ∈ U, a ∈ A;
• for any morphism ̟ :
It is a straightforward computation to check that T n is well defined and T n is the inverse of R n . This completes the proof. Proof. Since Theorem 5.1, a Hom-entwining map Φ is in correspondence with a Hom-cotwistor ϕ. Then from Theorem 4.6, there is a Hom-coalgebra structure over A * cop ⊗ H which is induced by ϕ. Moreover, combining Proposition 4.7 and Proposition 5.5, we immediately get that M(Φ)
Definition 5.7. Suppose that H, A are all Hom-bialgebas over k, and Φ :
for any h, g ∈ H, a ∈ A, then the triple (H, A, Φ) is called a Hom-monoidal entwining datum.
Note that if (A, α A ) is a Hom-bialgebra over k, then (A * cop , α A * cop ) is also a Hom-bialgebra under the following structures:
A , where x, y ∈ A, f ∈ A * cop . for all a, b ∈ A. A Hom-coalgebra (C, α C ) is called a right H-module coalgebra if C is a right H-module and ∆ C (c · h) = c 1 · h 1 ⊗ c 2 · h 2 , ε C (c · h) = ε C (c)ε H (h), for all h ∈ H, c ∈ C.
Suppose that (A, α A ) is a right H-comodule algebra and (C, α C ) is a right H-module coalgebra. For any integer k ∈ Z, an object (U, α U ) is called a k-th Doi-Hopf module over (H, A, C) if U is a right A-module and a right C-comodule satisfying (u · a) [0] ⊗ (u · a) [1] (1) ), for all a ∈ A and m ∈ M . Moreover, we call (H, A, C) the Hom-Doi-Hopf datum.
The category of k-th Doi-Hopf modules over (H, A, C) and A-linear C-colinear homomorphisms will be denoted by H(k) 1) ), where c ∈ C, a ∈ A, then it is a direct computation to check that (C, A, Φ) is a Hom-entwining structure. Further, for n ∈ Z, (U, α U ) is an object in M(Φ) Recall from Theorem 5.1, for any f ∈ A * , c ∈ C, the following Hom-cotwistor:
A (e i(0) ))α where f ∈ A * , c ∈ C. We call this Hom-coalgebra A * cop ⊗ C the m-th Doi-codouble of C and A. Since Proposition 5.8 and Theorem 5.9, we have the following property. 
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